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Abstract: In this paper, we study the following degenerate critical elliptic equations with anisotropic 
coefficients 

-div{\x N \ 2a Vu) = K(x)\x N \ a - 2 * {a) - s \uf {a) - 2 u inR^ 

where x = (xi, ■ ■ ■ ,x N ) £ R N , N > 3, a > 1/2, < s < 2 and 2*(s) = 2(N - s)/(N - 2). 
Some basic properties of the degenerate elliptic operator — cHv(\xn\ 2c " Vm) are investigated and some 
regularity, symmetry and uniqueness results for entire solutions of this equation are obtained. We 
also get some variational identities for solutions of this equation. As a consequence, we obtain some 
nonexistence results for solutions of this equation. 
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1 Introduction and main results 

In this paper, we study the following degenerate critical elliptic equations with anisotropic coefficients 

- div{\x N \ 2a Vv) = M Q - 2 * (s) ->f (s) ~ 2 t< inR N (1.1) 
- div{\x N \ 2a Vv) = K{x)\x N \ a - 2 "^- s \v\ 2 "^- 2 v in R N (1.2) 

where x = (x u ■■■,x N ) 6 R N , N > 3, a > 1/2, < s < 2, 2*(s) = 2(N - s)/(N - 2) and 
KeC^R"). 

The motivation for studying equations (II . lb and (11.2b comes from the following interesting charac- 
teristics these equations possessing. First, these equations relate to the weighted Sobolev inequality with 
anisotropic coefficients (see Theorem l2.ll ): 

r / p \2/2*(a) 

/ |xtv| 2q |Vm| 2 > C / \x N \ a - 2 * {s) - s \uf {s) ) ,V«eC °°(l w ), 

where AT>3, 0<s<2 and a > 1/2. Thanks to this inequality, solution u of equation ( II. U which 
satisfies that J RJV |xat| 2q! |Vu| 2 < cxo, turns out to be a critical point of the variational integral J: 

J(v) = \l \x N \ 2a \Vv\ 2 - -L. / \x N r r ^s\vf {s \ v e X a (R N ), 

where X a (R N ) is the completion space of Cg°(R N ) under the the norm \\v\\ = (J RJV |xAr| 2Q |Vw| 2 ) 1/2 
(see Definition 12. 2| i. Second, equation ( 11. It is partly conformal invariant, more precisely, if u is a solution 
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of equation ( 11. IK then |x| _ ( Ar_2+2a )M(x/|a;| 2 ) and fi( N ~ 2+2a " 2 u(fj,x + z) are also its solutions, where 
fj, > and z G R N satisfying that zm — 0. Third, these two equations are closely connected to some 
equations which attracted great interest in recent years. More precisely, if u is a solution of equations 
(11.21 ). then v(x) — x^u(x), s G If is a solution of the following equation (see ( 14. IV ): 

_ Au = A" + ^-\uf^- 2 u, u G ifrW), (1.3) 

where A = — a (a — 1) and Pq' 2 (K^ ) is the completion space of Cq°(M. n ) under the norm \\v\\ = 
J RJV | Vv | 2 . Equation ( 11.3b relates to some Hardy-Sobolev inequality in half spaces (see |6|). Let 

H : R" \ {(0, ■ , 0, -1)} \ {(0, . ■ ■ , 0, -1)}, x ^ ( t + ^ , 1 / 2 Jf |x|2 ) 

and let = (2/(1 + 2.x at + \x\ 2 )) 1L i 1 ,x G £?i(0). If w is a solution of equation ( [Ob , then by 0, the 

iV-2 

functions uj = (u o H)p and = x N 2 u{x), x 6 lie in Sobolev spaces Hq(Bi(0)) and H 1 (M) 
respectively, where H = (R+ , dx 2 /x 2 N ) is the TV— dimensional hyperbolic space, and they are solutions 
of the following two equations respectively 

- a« = jt^wt 2 " + ir^w H2 * (s) ~ v u e ^ 1(Bl(0)) ' (L4) 

- A m nu = (x + ffiL_A> j u + K{x)\uf {s) - 2 u, u G H^M). (1.5) 

In a recent paper [5 1, the authors showed that equation ( 11.5b can be transformed into the following equa- 
tions: 

(i) . semilinear elliptic equation relates to Hardy-Sobolev-Maz'ya inequalities: 

-Au= -—prii + ^l\u\ 2 '^- 2 u in R N ' = R m x R k (1.6) 

\vr \y\ s 

where x = (y, z) G W m x R fe , fji, N', m, k depend on N, s, a, and K depends on K; 

(ii) . Grushin type equation with critical exponent: 

- A x u - (t + l) 2 \x\ 2r A y u = K(£)\u\^u inR N ' = R m x R fe (1.7) 

where £ = (x, y) G R m x R fc , t,N' , m,k depend on TV, s, a, and K depends on K. Here Q = 
m + k(l + r); 

(iii) . semilinear equation on Heisenberg group and the Webster scalar curvature equation 

- A HN >u = R(€)\u\*£*uinH N ' (1.8) 

where H N ' = C N ' x R = R 2N ' x R, Q = 2N' + 2, £ = (z,j/,t), x,y £ R N ' ,i 6 E and 

A H N' = Et'i((a|- + 2 y4) 2 + (^- " 2x 4) 2 )- Here TV' depends on TV, a, s and i? depends 
on TV. 

A great interest has been paid to equations f| 1 .4[) — (|1.8|) in the past years. We refer readers to 
|6] 12 13] [28] [T8] |20] |22] [26] for recent results on the existence (nonexistence), regularity, symmetry and 
compactness of positive solutions of equations (| 1 .4[) — (jl.6p . For recent development of equations ( 11.7b 
and dTT8T >. people can consult IT] |7l [9] [23] [24l and [131 [TUl [171 ED respectively. Through equation Oi l, 
equation ( 11.2b and equations (|1.6|) — (|1.8[) are closely linked. Therefore, equation ( 11.2b will play certain 
role in studying equations (|1.4[) — ([1.81) . 
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This paper is organized as follows: In section|2] we obtain some weighted Sobolev type inequalities 
(see Theorem 12. It and define some function spaces related to these inequalities. These inequalities can 
be seen as some kind of variant of the Hardy-Sobolev-Maz'ya inequalities (see [22]). They not only 
play important role in proving the regularity and symmetry properties of solutions of equations ( II. Il l and 
( 11.21 ) but also have their own interest. In section [3] we investigate the properties of the degenerate elliptic 
operator — div(\xN\ 2a Vu). We prove a strong maximum principle (see Proposition l3.2l ) for this operator 
and get some results on the isolated singularity of the positive solution of equation — div(\xN\ 2a Vu) = 
(see Proposition l3.5l ). In section|U by means of the weighted Sobolev inequalities obtained in section 1 and 
the Moser iteration technique, we derive some regularity results for positive solutions of equations ( II . lb 
and dl.2l ). More precisely, we prove a Harnack inequality (see Theorem l4.31 > and some Holder continuity 
results (see Theorem |4.4| ) for solutions of equations dl.ll ) and dl -2b - In section|4] using the moving sphere 
and moving plane methods, some results on the symmetry and decay of entire solutions of equations ( 11. It 
and d 1 -2b are obtained (see Theorem 15. II Theorem |5.6| and Remark IBT21 ). Especially, we obtain the result 
that the positive solution of equation ( 11.11 ) is unique up to a Mobius transform which leaves the upper 
half space invariant (see Theorem 15. 81 ). In the last section, we derive some variational identities (see 
Corollary 16.21 Theorem 16. II and Theorem 16. A\ for solutions of equation ( 11.21 ). As a consequence, some 
non-existence results for solutions of equation ( 11.21 ) are obtained (see Remark ROI l. 

Notation: In what follows, B p (x), B p (x) and dB p (x) will respectively denote the open ball the 
closed ball and the sphere centered at x and having radius p. For x — (x%, ■ ■ ■ ,x^) g R w , denote 
(xi, ■ ■ -,x N -x) by x'. The half space {x g R N | x N > (< 0)} is denoted by R^ (resp. R^). For 
a function u, u + and u~ denote the functions max{u(x),0} and max{— u(x),0} respectively. For a 
Lebesgue measurable set A C R , mesA denotes the Lebesgue measure of A. The symbol 5i j denotes 

f 1 i = 7 

the Kronecker symbol: Sij — j q ' ' ^ a c ' omam ^ *- -^o(^) i s tne Sobolev space defined 

as the completion space Cq°(0) " under the norm ||u|| = (J n \u\ 2 + J n |Vm| 2 )^. 



2 Some weighted Sobolev inequalities and related function spaces 

In this section, we give some weighted Sobolev type inequalities which can be seen as some kind of 
variant of the Hardy-Sobolev-Maz'yainequalities (see |22|). Then we define some function spaces related 
to these inequalities which will be used in the subsequent sections frequently. 

Theorem 2.1. Let N > 3. For any < s < 2 and a > 1/2, there exist constants C — C(a, s) > and 
C = C'(a, s) > such that for any u e C$°(R N ), 

2/2* « 

\x N \ 2a \Vu\ 2 >C ( / \x N \ a - r ^- s \u\ 2 '^ ) ; (2.1) 




2/2* W 

\x N \ 2a \Vu\ 2 > C ( I \x N \ a - 2 *^- s \u\ 2 *^ ) . (2.2) 

\J& N J 

Proof. For u e Cg°(R N ), set v(x) = x%u(x), x e R%. Then ^ g L 2 (R^) for 1 < i < N - 1 and 
J^- = ax^u + 4^ei 2 (lf), since a > 1/2. Therefore, v g i? 1 (R+)- Consider 

x 2 ^|Vu| 2 = / x 2 N a \V(v/x%)\ 2 
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x 2 f-^ + a 2 f x 2 «--^-2a f ^ ' 



N ' 2a r " / x N ' nfZTys ~ za / X N " 2a+l ' "5 



Vv\ 2 +a 2 l ^--2al — ■ (2.3) 



v 2 f v dv 



N x2 n Jr™ x n 9xn 
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Since a > 1/2, we get that — 

' ' <= X N 

are compact, we get that — 



2a 



Jr" x n 



Xj^—OO 

dv 



dx 



= 2a 



= 0, and by the fact that the supports of u and v 
0. Thus 



JV 



— • — — dxN ) dx' 

o x N dx N 



/ (I ^ — ■ J-(v 2 )dx N ) dx' 

jRJV-i \Jo X N OX N J 



k jv~i y xn 

2 

dx. 



XM — -\-00 



—x-dxN I <fo' 



""JV 
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(2.4) 



By (|23) and (|2~4T >, we obtain 



|V V | 2 + (a 2 -a) / 4- 



w a; 



(2.5) 



N 



By Hardy inequality (see flXSl Theorem 327]), we have / +OC 
a > — 1/4, we get that 



dv 



dxN 



dxN > 4 / jp-dxN- Since a 2 



/•+QO 


dv 


'o 


dx TV 



r-i-oo y 2 /■ 
c?x 7v + (a 2 — a) —^-dxN > min{l, 1 + 4(a 2 — a)} 

Jo X N JO 



r + oo 


dv 


la 


dxN 



dxN- (2.6) 



Notice that v € i?o (R+ ), by (12.61 ) and Hardy-Sobolev inequality in half space (see |6|), we get that 

,.2 



> 



\Vv\ 2 + 


[a 2 — 


f+oo 


dv 


- 1 Jo 


dxN 



"JV 

dxjsidx' + (a 2 — a) 

r+oo 



+°° V 2 

-^-dx^dx' 

X N 



c 



-a)} 


s 










iV 




+ 


2/2* (s) 






= C 



|V x 'u| dxivdx' 



' dx 



N 



2/2* W 



iijfr j, w-'i« i 2 * w 



(2.7) 



By (12. 7t and (12. 5K we get the inequalities (12.lt . The inequality d2.2| i follows from the inequalities d2.1| i 
by addition. □ 

Definition 2.2. Lef Vl be a bounded domain in M. N with smooth boundary. Define the weighted function 
spaces X a (R N ) andX°(Q) by 

x a (m N ) = c^JW) Mxa(uN \ x°jn) = c™(ttj Mx ° m 

respectively, where the norms \ \ ■ ||x Q (R JV ) an d \ \ • ||x°(f2) are defined by 

IMU Q ( R «) = ( / \x N \ 2a \Vu\ 2 )^ 2 , \\u\\ xgm = ( / \x N \ 2a \Vu\ 2 ) 1 ' 2 

foru G Cg°(R N ) andu G Cg°(ti) respectively. By definition, X a {R N ) and X°(Sl) are Hilbert spaces 
with inner products [u, v) = J RJV and (u, v) = j Q respectively. Moreover, 

1 /2 

denote the space of the completion o/"C 1 (f2) under the norm (Jo |^iv| 2Q |Vit| 2 + j n \xn\ 2oi ~ 2 u 2 ) by 
X a (Q) and denote by X a ^ oc (yi) the space {u \ for any D GC f2, u G X a (D)}. 
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3 Some properties of degenerate elliptic operator — div(\xN\ 2a Vu) 

In this section, we investigate the degenerate elliptic operator — div{\x M\ 2a ^ u) . Throughout this 
section, we assume that a > 1/2. 

Proposition 3.1. (weak maximum principle) If u £ C 2 (£?i(0) \ {xn — 0}) PI C°' 7 (i?i(0)) for some 
< 7 < 1 and satisfies 

- div{\x N \ 2a Vu) > (3.1) 

weakly in -Bi(O), i.e., j Bl m |xjv| 2Q VuV<y9 > for any < (p G C^°(Bi(0)), then min^ ^^ u{x) — 
minxeas^o) u{x). 

Proof. Without loss of generality, we may assume that min^gas^o) u(x) = 0. Let f2_ = {x G 
£?i(0) | < 0}. If we can prove that mes(J7_) = 0, then the result of this Proposition holds. 

Let u~ (x) := max{-u(i), 0}. By min xg 3 Bl ( ) u(x) — 0, we get that u~ as^o) = 0. It follows that 
u~~ G X°(Bi(0)). Multiplying ([XT) by u~ and integrating by parts, we getthat- / Bi ( ) \xn \ 2a \ Vu~ 2 > 
0. It follows that u~ = in 5i(0). Thus mes(0_) =0. □ 

Denote = (0, • • • , 0, 1, • • • , 0), 1 < i < N. 

Proposition 3.2. (strong maximum principle) Suppose that u G C 2 (Bi(0) \ {xn = 0}) n C o,7 (-Bi(0)) 
for some < 7 < 1. If — diw(|xjv| 2Q Vu) > weakly in i?i(0) and u ^ constant in -Bi(O), then 
u(x) > min u(x), x G i?i(0). 

xe9Bi(0) 

Proof. Without loss of generality, we may assume that min^a^o) u(x) — 0. By Proposition 13. II we 
know that u > in -Bi(O). Since dw(|a;Ar \ 2a Vu) is uniformly elliptic in £>i(0) \ {xm = 0}, by the 
classical maximum principle, we deduce that u > in -Bi(O) \ {xjy = 0}. Therefore, to prove this 
proposition, we only need to prove that u(x) > for x G -E>i(0) D {x^ — 0}. Without loss of generality, 
we only prove it(0) > 0. 

Let v(x) — \xN\ a u(x), x G -Bi(O). Straightforward calculation shows that 

\x N \ a (Av + Xv/x 2 N ) = div(\x N \ 2a Vu) < in Bi(0), 

where A = -a(a - 1) > -1/4. Let = \x N \ a (e" r '\ x - a \ 2 - e~''/ 4 ) with a = e N /3. We have 

Aw + Xw/x 2 N = (in 2 \x - a\ 2 \x N \ a - 4na\x N \ a - 2Nn\x N \ a + -r)a\xN \ a " 2 x N )e^ x - a ^ . 

o 

It follows that when 77 > large enough, Aw + \w/x 2 N > in B^ 2 (a) \ B 1 / i (a), where B^ 2 (a) ~ 

B 1/2 (a) n M%. Since dB 1/4 (a) C S+(0) := Si(0) n and v > in B+(0), we can choose e > 
small enough such that v(x) > ew(x), x G dBx^(a). Thus when 77 > large enough, 

A(v — ew) + X(v — ew)/x 2 N < in 51, v — w > on <9f2 

where i7 = B^ 2 (a) \ B 1 / A (a). Multiplying the above inequality by (v — ew)~ and integrating by parts, 

we get that — f n |V(w — eu;)~| 2 — A J n ^ > 0. Since A > —1/4, by Hardy inequality, we 

deduce that (v — ew)~ = in f2. Hence v > ew in O. It follows that u{x) > e(e~ v ^ x ~ a ^ 2 — e^ n ^) for 
x E dnn{x N = 0}. Especially, we have u(0) > e( e - r '/ 9 - e"''/ 4 ) > 0. □ 

Proposition 3.3. Suppose that u G C 2 (Bi(ei) \ {x N = 0}) ("1 C°^{B 1 (d)) /or iome < 7 < 1. 
//■ — c?it;(|xjv| 2q Vw) > weaWy in _Bi(ei), m(0) = min u(x) = ant/ u > in Bi(ei), fnen 

it(o) > 0. 
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Proof. Let y = x — e\ and let v(y) — u(y + ei), y £ -Bi(O). We have — div(\yjs[\ 2a 'Vv(y)) - 
-div(\x N \ 2a Vu(x)) > 0, weakly in Si(0). Let w(y) = - e^. We have Aw(y) = (-2Nr) 

4rj 2 \y\ 2 )e-^ 2 and ^ = -27]y N e-''^ 2 . Thus we get that 

^(|y w | 2Q V W ) = |y A r| 2Q A W + 2a|y J v| 2a - 2 2 / JV 



= (-2Nr] - Aar) + i^ly^yN^e-^ . 

When \y\ > 1/2 and 77 > large enough, -2iV?7 - 4a?y + 4?7 2 |2/| 2 > -27V?7 - 4m? + ?7 2 > 0. Thus 
— div(\yff\ 2a Vw) < in 1/2 < \y\ < 1 if i] > large enough. Since u(y + ei) > for any y £ £>i(0), 
we can choose e > small enough, such that u(y + e\) — ew(y) > for \y\ = 1/2. Furthermore, for 
\y\ = 1, we have u(y + ei) — ew(y) > 0. Thus 

-div(\y N \ 2a (u(y + ei) - ew(y))) > in 1/2 < |y| < 1 

and 

u(y + ei) - etufo/) > on {|y| - 1/2} U {\y\ = 1}. 
By Proposition ITU we get that u(y + e±) - ew(y) > in 1/2 < \y\ < 1. It follows that for < t < 1/2, 

u(tei) — u(0) u(te±) u((t — l)e± + ei) w((t — l)e\) w(tei — e\) — w{— e±) 
t ~ t ~ t ~ 6 t ~ 6 t ' 

Letting t — > 0+ in the above inequality, we get that ^(0) > e|^(— ei) > 0. □ 
By straightforward calculation, we get that for any I £ K, 

div{\x N \ 2a V{\x\- 1 )) =1(1 + 2- N- 2a)|xjv| 2Q |a;|" Z " 2 , x £ 1^ \ {0}. (3.2) 
Especially, we have 

^(|xAr| 2Q V(|a;r (JV - 2+2a) )) = 0, x£R Ar \{0}. (3.3) 
For x £ R N , r > 0, denote B r (x) \ {x} by B*(x). 

Proposition 3.4. Suppose that u £ X a j oc (B*(0)) n C°- P (B*(Q)) for some a > 1/2 and < (3 < 1, 

u > Oin B%{0) and -div{\x N \ 2a Vu) = wea/fc/y in B^(0). //lim^^o |x| JV " 2+2a u(a;) = 0, then the 
following two results hold 

(i) there exists M > such that u(x) < M, Va; £ _B^(0); 

(ii) u £ X at i oc (B2(0)) and — div(\xN\ 2a Vu) — weakly in i?2(0). 

Proof, (i). Let V € (x) = e\x\'^ N - 2+2a ^ + M, x £ (0) where M is a positive constant and A/ > 
sup xgaBl ( ) By ( 13.31 l. we know that — div(\xiv \ 2a W c ) = 0in i?jf(0). Furthermore, V e (a;) > u(x), 
\/x £ dBi(Q). By lim^i^o \x\ N ~ 2+2a u{x) = 0, we deduce that there exists a sequence {T n } satisfying 
that r„ — ► 0+ as n — > 00 and V e (x) > ?i(a;), Va; £ 3-B r „ (0). By Proposition l3.2l we get that 

V 6 (x) > u(x), Va; £ Bi(0) \ B Tn (0). (3.4) 

Fixing n and letting e — > 0, by (13. 4K we get that 

< M, Va; £ Si(0) \ S Tn (0). (3.5) 



Letting n — > ex), by (EOt . we get that u(a;) < M, Va; £ B*(0), 

(ii). Let C(a;) £ C °°(Bi(0)) be a cut-off function which satisfies that < C < 1, in Si(0), C = 1 
in 5 1/4 (0) and C = in R N \ B 1/2 {0). Let 77 = 1 - C and r] e (x) = f]{x/e). By -div(\x N \ 2a Vu) = 
weakly in B|(0), we have Jg i(0) |a;Ar| 2Q VwV(C?7 e w) = 0. It follows that 



/ \x N \ 2a cve\yu\ 2 

'Bi(O) 



/ \x N \ 2a u(Vu\7Ti e - [ \x N \ 2a wr) e 'VuVC- (3.6) 

^Bi(O) JBi(O) 
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We have 



JB 1 (0) 

[ M 2Q uCVwV77 e 

JB e/2 (0)\S e/4 (0) 

1 f I \2 a/ - d Ve d 2 

o Z_v / \ XN \ <*7>~7i~( u ) 

lf \xN? a ^-u*- 1 - ( u 2 div{\x N \ 2 ^Ve), (3.7) 



aS E/2 (0)u9B e/4 (0) 5n 2 •/B e /2(0)\B e/4 (0) 

where n = (m, • ■ • , rijy) is the outer normal vector of dB e / 2 (G) U dB e u(Q), From result (i) of this 
proposition, we know that it is bounded in £?* (0). Thus we get that 

lim \ f Ixn^C^t -u 2 = 0, lim ~ / u 2 dto (|x w | 2a CVr7 e ) = 0. 

"° 2 Jas £/2 (o)uas 5/4 (o) c* 1 £ - >0 ^ JB t/2 (o)\B (/4 (o) 

Thus by Q.71) . we get 

lim/ |xjv| 2Q uCVuVr? e = 0. (3.8) 

e ^°JBi(0) 

By (ED, d3~8l) and the fact that lim e ^ / Sl(0) |xAr| 2Q u?7 e VuVC = J Bi(Q) \x N \ 2a uS7uV^ we get that 
/ \x N \ 2a (\Vu\ 2 = lim / \x N \ 2a (r] t \Vu\ 2 = [ \x N \ 2a uVuV( < oo. 

JBtiO) C "*°JS 1 (0) JBi(O) 

Thus u E X a (B 1/4 (0)). It follows that u E X a ,i oc (-B 2 (0)). For any <p E Cg°(B 2 (0)), we have 

= / \x N \ 2a \7uV(i le ^) = [ \x N \ 2a T le \7uVip+ [ \x N \ 2a <pVuVr) e . 
JB 2 (0) Jb 2 (o) Jb 2 (q) 

As the proof of ( 13.8b , we get that lim e ^ fs 2 (o) \ x N\ 2a <pVuVr] e = 0. Moreover, we have 
lim / \x N \ 2a T) £ VuVtp = / \x N \ 2a Vu\7tp. 

e ^°Js 2 (0) JBi(O) 

Thus for any <p e C$°(B 2 (0)), J B , Q) \x N \ 2a \7uVip = 0. □ 

The following result describes the isolated singularity of positive solution of — div(\xN\ 2a Vu) = 0. 
People can consult ||29ll for the similar result of Laplace operator A. 

Proposition 3.5. Ifu E X a: i oc {B*(0)) DC ? {B*(0))for some a > \j2and(5 E (0,1), u > in B|(0) 
and — div(\xN\ 2a Vu) = weakly in B 2 (0), then there exists C > such thatu(x) — C\x\~( N ~ 2+2a ^ + 
b(x), where b(x) is a Holder continuous function in B\(fS). 

Proof. Choose M > large enough such that v(x) = \ x \~( N ~ 2+2a ' — M satisfies fiasco) < 0. Let 
C = sup{/3 | u - (3v > in B*(Q)}. Obviously, C > 0. And by the fact that there exists x E Bf(0) such 
that v(x) > 0, we deduce that C < +oo. 

Let w(x) = u — Cv. For continuous function f(x) defined in -B^ (0), define f(r) — max| x i =r f(x), 
f(r) = mim x \— r f(x). We shall prove that lim r ^o w(r)/v(r) = 0. 

If not, there exist r\ > and r n — > such that w(r„) > rjv(r n ). Thus (u> — Jjw)|gs r (o) > 0. 
Furthermore, we have (w — f]v)\gB 1 (Q) > 0. Hence by — div(\xN\ 2a V(w — rjv)) = and Proposition ^. II 
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we get that (w — r] v )\B 1 (o)\B rn {o) > 0. Letting n — > oo, we get that (w — )|b*(o) > 0- It follows that 
u— (C + r))v > in -B^(O). It contradicts the definition of C. Thus lim r _> w(r) /v(r) = 0. And by the 
Harnack inequality (see [8 Theorem 4.3]), we get that lim r ^o w(r) /v(r) = 0. Then by Proposition |T4] 
and |8 , Theorem 4.4], we get that it; is a Holder continuous function. Let b(x) = w(x) — CM, we have 
u(x) =C\x\-^ N - 2+2 ^ +b(x). □ 



4 Regularity of solutions 

In this section, we derive some regularity results for solutions of equations ( 11.11 ) and ( 11.21 ). 

Proposition 4.1. If v is a solution of equation ( ll.lt , then \x\~^- N ~~ 2Jr2a ^v{x/\x\ 2 ) is still a solution of 
equation ( ll.lt . 

Proof. Forx S R , xjv > 0,letu(x) = x'^ ! v{x). By straightforward calculation, we have div(x 2 ^'Vv) = 
x^jAu — a(a — l)x^~ 2 u. Thus it satisfies the equation 



A \u\ 2 '^- 2 



u 



-Au=—u+— — , iel JV ,sjv>0 (4.1) 

x N x N 

with A = —a(a — 1). Moreover, if u is a solution of equation ( 14.1b . then u/x^ is a solution of equa- 
tion d 1 - lb - From (6), we know that \x\~( N ~ 2 ^u(x/\x\ 2 ) is still a solution of equation ( 14.1b . Since 

| as |-(JV-2) tt ( aj /| a .|2) = x a . | s |-(tf-2+2ay a ./| af |2) ) we get ^ | ^ | - (7V-2+2 a ) ^ | ^ 1 2 ^ ^ g R AT 

fies equation ( II. lb . By a similar argument, we know that \x\-^ N - 2+2a ^v{x/\x\ 2 ), x eR* also satisfies 
equation d 1 - lb - This finishes the proof of this proposition. □ 

Theorem 4.2. Suppose that a > 1/2 and < s < 2. If u G X a (Bi(0)) is a nonnegative weak sub- 
solution of equation ( 11.11 ), i.e., for every tp G Cq°(.Bi(0)), y > 0, 

|xjv| 2q VuV(^< / |a; w | Q - 2 * (s) - s M 2 * (s) -V, 

Bi(0) JBi(O) 

f/;en f/iere exis/S cr G (0, 1) iMc/; that u G -L^-B^O)). 

Proof. For t > 2, ft > 0, define fr(r) - | _ * , 0(r) = f Q \h'{s)\ 2 ds. 

It is easy to verify the following two inequalities 

H(r)\ < ^J-—^\h(r)\ 2 , (4.2) 

\<f>(r)-h(r)h'(r)\<C t \h(r)h'(r)\, (4.3) 

where C t = 2 [t-i) < 1- L et < r < p < 1. Choose rj G Cg°(B p (0)) satisfying < 77 < 1, ry=lin 
S T (0), 77 ee in JR W \ B p (Q) and | Vry| < 2/(p - r). Then ?7 2 0(u), G X°(Bi(0)). We have 

XAr| 2Q VuV(ry 2 (/.(w)) = f \x N \ 2a r] 2 (ti(u)) 2 \Vu\ 2 + 2 [ \x N \ 2a r]<t>(u)VuVr) 

BriO) JBi(O) •/-Bi(O) 



|a;jvrV|V(/i(«))l +2 / Ixjvl^NVuVry. 

Bi(0) JBi(O) 

Notice that |V(r;ft,(u))| 2 = r? 2 |V(/i(tt))| 2 + ft, 2 (-u)|V7y| 2 + 2r]h(u)V '(h(u))V 'rj , by d431 . we have 
^| 2Q V U V(77 2 0(«)) = / \x N \ 2a \V( V h(u))\ 2 - [ \x N \ 2a h 2 (u)\V V \ 2 

Bi(0) J-Bi(O) "'Bi(O) 

-2 / |xAr| 2Q 77/i(u)/i'(M)VuV77 + 2 / \x N \ 2a i](j)(u)\7uVr] 

JBi(O) JBi(O) 
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> / \x N \ 2a \S7(r,h(u))\ 2 - / \x N \ 2a h 2 {u)\Vr,\ 2 
-2 / |x Ar | 2Q 77|0(w) - h(u)h'(u)\ ■ \VuVt]\ 

> [ \x N \ 2a \V( V h(u))\ 2 - [ l^l^^^lVryl 2 

-2C t [ \x N \ 2a \r)h{u)V(h(u))V V \. (4.4) 



Since 



x N \ 2a \r]h(u)V(h(u))Vr]\ = / \x N \ 2a \(V(r)h(u)) - h(u)Vr))Vr]\ ■ \h(u)\ 

Bi(O) JB^O) 

< [ \x N \ 2a \h(u)\7{r 1 h(u))V?]\+ [ |a;| 2Q |/i(u)| 2 |Vr/| 2 

< ~/ \x N \ 2a h 2 {u)\V V \ 2 + \ [ \x N \ 2a M V h(u))\ 2 
\x N \ 2a \h(u)\ 2 \W V \ 2 , (4.5) 

Bi(O) 

by (I4.41 , d4.5l ) and the weighted inequality j2.2j , we deduce that 

|xjv| 2q VuV(7] 2 0(u)) 

Si(O) 

> f \x N \ 2a \V(rjh(u))\ 2 - [ \x N \ 2a h 2 (u)\Vrj\ 2 

Jb^O) J Bi(O) 

-2C t (I / \ XN \ 2a h 2 ( u )\v v \ 2 + \f \x N \ 2a \vmu))\ 2 \ 

= ~o(T~~V\ f \xN\ 2a \V( V h(u))\ 2 -(l + 3C t ) [ \x N \ 2a h 2 (u)\V V \ 2 
^ ^7T^(f \x N r r(s) - s \vh(u)\ 2 '^)^ -(l + 3C t ) [ M 2q /i»|V77| 2 .(4.6) 
By ( I4.2l i and Holder inequality, we have 

M Q - 2 *^-v*^-y<K U ) 

Bi(O) 
2 



4 (* - J- J JBi(O) 

< ^-yy (/ #0 I^| Q ' 2 * (S) " S I U I 2 * (S) )~ (7 Q l^| Q - 2 * (s) - s |^M| 2 * (s) j 2 ' (4.7) 
Since u is a nonnegative weak sub-solution of equation dl.lt , we have 

\x N \ 2a VuV{r, 2 (f>(u)) < f M a - 2 *( s )- s u 2 * (s) -y0(u). 

-Bi(O) JBi(O) 

Then by d4~6l > and d4~7l i we get that 

) 2 



2(l + 3C t )(t- 1) 
Ct 



|x iY r Q /i 2 («)|V7 7 | 2 . (4.8) 

Bi(O) 



2*(a)-2 



Choose p small enough such that ^ (7, Q |xat | Q ' 2 * (s) ~ s | w| 2 * (s) ) § <3) < 1/2. Notice that 2(1+3C t t)(t ~ 1} < 
8 (since < C t < 1 and t > 2) and |Vr?| < 2/(p - r), from (|4~8T > we have 



64 



a; at 



"• 2 *W- s |/i(u)| 2 *W < — - / M 2q /i 2 ( M ). (4.9) 



B T (0) / C(P- T ) 



B„(0) 



Choose <o > 2 such that to — 2 small enough and let k — > oo in ( 14. 9t , we get 



64 



ix;vr 2 * (s) ->f wt ° /2 < / m 2 >i*°. (4.io) 



b t (o) / C{p-r) 



B P (0) 



Let s G (0,2) be such that 2*(s ) = to- Then s — > 2 as t — > 2. It follows that 2a > a ■ 
2*(s ) - s if t - 2 > small enough. Thus by Theorem |2~T1 we get that (/ Bi(0) I^at | 2 " | l*° ) ^ < 

(/s l( o) kjv| Q - 2 * (so) - so |C"r°)* < C J Bi{0) |xAr| 2a |V(Cu)| 2 < oo, where C G Cg°(Bi(0)) is a cut-off 
function with £ = 1 in B p (0). Combining ( 14.10b . we get that 

/ \x N \ a - r ^' s \u\ r( - s)t " /2 <oo. (4.11) 
Jb p (o) 

For any < < r\ < p, let 77 G C^°(B ri ) be a cut-off function which satisfies that < r\ < 1, 
77 = 1 in S r2 (0), 77 = in M w \ B ri (0) and |V??| < 2/(r x - r 2 ). As (|4~6t , we have 

|x JV | 2Q VuV(?7 2 < ? !)(7i)) 

Brj (0) 

/ \2/2*(s) 

> Cl/ \x N r r ^- s \h(u)fM) - 4 / M 2q /j 2 ( u ). (4.12) 

By d4.21 > and Holder inequality, 

B n (0) 

^ ZtAt / kivr- 2 * (s) - s kl 2 * (s) - 2 I^WI 2 

4 (t - 1J Js ri ( ) 



4(t-l) 



2 < 2 *< 3 >- 2 > • • 1/q 



B ri ( ) / \-'B ri (0) 



(4.13) 

(t -2)2*(s)+4 



where q — , ^ 2 fff°i+4 satisfies q < 2*(s)/2, since to > 2. Furthermore, by Holder inequality, we have 



/ \x N \ 2a h\u) <( f Ix^**-** 1 ^*) ( I \x N r r{s) - s \Ku)\A (4.14) 

'B ri (0) \JB ri (0) I \JB ri {0) J 
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where | + ±, = 1. By the fact that q -> 2*(s)/2 and g' -> 2*(s)/(2*(s) - 2) as t -> 2, we get that 



(2a - a ' 2 ^ s) ~^ )g / -> 2s/(2*(s) - 2) > as i -> 2. It follows that / B , 0) |aiiv| (2a_ ~ ^ ° )<z ' < oo if 



■2*(°)- 



t - 2 > small enough. Then by (|4.11|) - (|4.14|l . we have 

t 2 4 



Br, 



\ a - r( - s ^ s \h{u)\ r< - s A <C'( 



4(t-l) (n-r 2 ) a 



la^r^W-'Wu)! 2 * 



Letting fc — > oo, we get 



|W|2*(s)t/2, a,s 



4(i-l) (ri-r 2 ) ; 



l/t 



\2 I l u M, 



(4.15) 



where Q . s := (/ \x N \ a - 2 '^- s \u\ 1 )^ 1 . Choose e > such that (2 + e)g < 2*(s). Let t n = (2 
e)(2*(s)/2g)' n ~\ r n = % + (£)", n = 1, 2, • • • . Then by @j3) we have 



P|2*(s)t„/2, o,s 



< 



AH** 



1) (r.-r^) 2 
Letting n — > oo, we obtain that u G L°°(B a ) with cr = p/2. 



i/u- 



\{2+e)q, a,s- 



□ 



Theorem 4.3. (Harnack inequality) Suppose that a > 1/2 and < s < 2.1fu G X a (i?i(0)) is a positive 
weak solution of equation rtl.ll ). i.e., for every ip G C{j°(Bi(0)), 

'Bi(O) -/Bi(O) 

f/ien f/iere era? constants C — C(N, s, a) > ant/ £ = c(iV, s, a) G (0, 1) SMcn that 

sup u < C inf u. 

s ? (o) 

Proof. By the local boundedness of u (Proposition 143]), V/3 G K and 77 G Cq°(Bi(0)), ry 2 !*' 3 G 
X°{Bt(0)), where w = it + and fc > 0. We have 



\x N \ 2a VuV{rj 2 u p )= j3 l^jvl^V^Vul 2 + 2 / IxjvI^t^VuV^. (4.16) 

Bi(0) -'Bi(O) ^Bi(O) 



Let's introduce a function w defined by w 



logu, if /3 = — 1. 



Then we have 



P 1 m^v-iwi 2 = J ^ /b 1(0) i^i 2 vivh 2 , if ^ -i, 



fli(O) 



-Jb i(0 )M 2 V|vh 2 , if/? = -i, 



, |2Q ,3 J 3+t/b i( o) kivl^wV^V^, if/3^-1, 

l( o) M ' V V " " 1 2/ Bl(0) I^I^VtcVf,, if = -1. 



(4.17) 



(4.18) 



By (gHU) - gJU), we obtain that if /? ^ -1, 0, 



M 2a VuV(77V) 



Bi(0) 

4/3 



\x N \ Za if\Vw\ 2 + 



-5—— / |xjv| 2q ?7wVuA7?7 

P + 1 JBi(O) 
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\2\p + l\J Bm 

2|/3| 



\x N \*>r?\Vw\ 2 + J^Sr / M 2 ^ 2 ^ 2 



(/3+l) 2 yB l(0 ) 



M 2 V|v™ 12 



2 I/?I JSi(O) 

• / \x N \ 2a w 2 \V V \ 2 , 



(4.19) 



and if/3 = -1, 



Bi(0) 



\x N \ 2a VuV{ri 2 vP) 



1 

> - 
- 2 



IxaH Vl V H +2 / \x N \ 2a r]VwVr) 

-Bi(O) ^Bi(O) 



larjvpVlV^p-S / |a*| 3ta |V» 7 | a . 

-Bi(O) JBi(O) 



(4.20) 



Moreover, if /3 ^ — 1, by u 6 L°°(-Bi(0)), we have 



| Ijf |«. S '(,)-,/(.)-i, I)V < 

Bi(Q) -/Bi(O) 



< C ( \x N \ 



(4.21) 



and if /3 = -1, by a ■ 2*(s) - s > \ ■ 2 - s > -1 and u G i°°(Bi(0)), we obtain 



Bi(0) 



Bi(0) 



< C / M 

JBi(O) 



a-2*(s)-s 



< 00. 



(4.22) 



By d4T20l d4~22b and J Bi{Q) \x N \ 2a VuS7{7j 2 u f3 ) = f B , Q) \x N \ a - T( - s ^ s u r( -^- 1 ■ rfu 13 , we obtain that if 
(3 = -1, then 

|^| 2Q ^ 2 |Vw| 2 < 16 / |xjv| 2Q |V?7| 2 + 2C f \x N \ a - 2 " (s) - s < oo. (4.23) 

Bi(0) JBi(Q) JBi(O) 

This means that for /3 = — 1, w G X Qj / oc (i?i(0)). Since 

M 2 V|v™| 2 

Bi(0) 

M 2Q |V(rH| 2 ~2 / \x N \ 2a wV(r]w)VT]- [ \x N \ 2a w 2 \\7 v \ 2 

Bi(0) JBi(O) JBi(O) 



> 



1 



Bi(0) 



xatI^IV^)! 2 -3 / I^I^IVt?! 2 , 

B X (0) 



by (l4~T9t . (H3TT) and J B , 0) |a; A ,| 2Q V?ZV(?7 2 u' 3 ) = / s |^at T' 2 * (s)_s m 2 * (s)_1 ■ tfvP, we obtain that if 
[3 ± -1,0, then 



< 



\x N \ 2a \V{^w)\ 2 

Bx(0) 

C(/3 + l) 2 y 

101 i Bl (0) 



\ XN r 2 '(^ v 2 w 2 + { -P±^ [ \x N \ 2a w 2 \V V \ 2 . (4.24) 

IpI Jb 1 (o) 
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When 2a > a • 2* (s) - s, by g3D and Theorem |2~T1 we obtain that if /? ^ -1, 0, 

■/Si(O) 

|Pl 7 Bl (o) IpI ^si(o) 



(4.25) 



When 2a < a • 2*(s) - s, we can choose s Q <E (0, 2) such that 2a = a ■ 2*(s a ) - s a - Then by (14.2411 and 
Theorem l2.11 we obtain that if /3 =/= — 1, 0, 

•/Si(O) 

= (/ \ XN r 2 *M- s °\ V wfMp 2 *M<C [ |^| 2Q |V(r, W )| 2 

JBi(O) JBi(O) 
C|/?+l| 2 /• , 2a 2 2 , g|/?| + l| 2 / |2Q 2|u |2 

< raj / Fat| a f? w + / \x N \ w |Vry| . (4.26) 

\P\ JBx(0) \P\ JBi(O) 

Let ri, r 2 be such that < r\ < r% < 1. Let 77 be a cut-off function satisfying 77 = 1 in B ri (0), 77 = in 
l w \ B r2 (0) and |Vr?| < 2/(r 2 - n). By d4~231 l and g2Sl, we obtain that if 2a >a-2*{s)- s, 

( / \x N r r ^- s \wf^) 2 / r ^ < + I \x N r r ^~ s w 2 , (4.27) 
JB ri {0) fa - riy jB r2 {0) 

and if 2a < a • 2*(s) - s, 



. (f n m Ja;Jv| a ' 2 * (s) " s |w|P) 1 /P, if2a>a-2*(s)-s 

Set 7 = l + ^and se t^,r) = | ^J^^ } if 2a < a . 2 * (s) - , B ^ 

2*( S ) 

<J> ( ^7,^ < ( f (1 + l7 ' ) V / ' 7 ' *(7,m), if 7 > 0, (4.29) 



^. 2 )<r 7 ™V /l7 '^^7,, 1 ),if7<0. (4.30) 



where C > is a constant depending only on /3 and is bounded when |/3| is bounded away from zero. 

Set 7 = 1 + /3 and set $(p, r) = J ?{ B - (0) ' X7V 

1 Ub^o)!^ 

and ( 14.28l >, we obtain that when 2a > a • 2*(s) — s 

2 7,r V- V(r 2 -n) 

/ C(l + | 7 |) 
V (^2 - n) 2 

and when 2a < a ■ 2*(s) — s, 

*(^n) S (^) V %( 7 , rj ),i fT >0, 

%,)<(^|)" l,l .(^,4« 1 <., 

Hence taking p > 0, we set 7 = j m — p(2*(s)/2) m ~ 1 , and for <j G (0, 1/4), set r m = s + (§)"\ 
m = 1, 2, • ■ • , so that by J4.291 > or ( 14.311 l. $(7™, ?) < C$(p, 5f/4), m = 1, 2, • • •. Consequently, letting 
771 tend to infinity, we have 

5<f 



sup u < C<S> ( p, -j- ) . (4.33) 

B 5 (o) 
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In a similar manner, by ( 14.301 1 or ( 14.321 ), we can prove that for any p > 

5<r 



-p,-f) <C$(-oo,c) 



C inf it. 

B s (0) 



(4.34) 



Let S p (x,r) be the ball {y G 



p(x,y) < r} with the metric p defined in [8, Theorem 2.7]. By 



Proposition 2.9 and Theorem 2.7 of (8), we deduce that when q small enough, there exists S > such that 

% /4 (0)cS p (0,5)cfl 1/2 (0), (4.35) 

By (14331 . El Theorem 3.2 and Remark 3.3](see page 538 and 539) and (4.2f) of 0(see page 538), we 
deduce that there exist p > and constant C > such that 



u*)( 



S„(0,<5) 



< C. 



5,(0,5) 



Then by ( 14.351 ), we get that 



$(p, 5?/4) / 5<r/4) < C. (4.36) 

Letting fc -> 0, by (|4.33|) - (|4.36l) . we get that sup B ^ 0) u < C inf Bs (o) w. □ 

Using the similar argument as the proofs of the above two theorems and Theorem 8.22 of |[T2l . we can 
get the following theorem 

Theorem 4.4. Suppose that a > 1/2 ant/ < s < 2. T/'u £ X a (-Bi (0)) is a weak solution of equation 
( 11.11 ) m i?i(0), men mere exists a G (0, 1) such that u G C ' 1 (B a (0)) for some < 7 < 1. 

Proposition 4.5. T^me same conditions as Theorem l4~4l /zo/t/s, fnen it G C O:7 (i?i(0)) (~l C 2,7 (i?i(0) \ 
{xjv = 0}) and G (7°'T(Bi(0)), 1 < t < AT - 1/or some < 7 < 1. 

Proof. By Theorem 14.41 and Schauder estimates, we obtain that u G C 2,7 (_Bi(0) \ {xm = 0}), since 
the operator — diu(|xAr| 2Q Vu) is uniformly elliptic in compact subset of -Bi(O) \ {xn = 0}. As the 
same proof of Theorem 8.8 in Q2|, we know that for 1 < i < N - 1, Jjf: G ^" a ,i oc (-Bi(Q)) and it 

satisfies -diu (Jxat| 2q V = (2*(s) - l)^^!"' 2 ^^" 8 " 2 *^ -2 ^ in Bi(0) weakly. Using the 

same method as the proof of Theorem 14.41 we can get G C o,7 (i?i(0)), 1 < i < A*" — 1 for some 
< 7 < 1. □ 

Proposition 4.6. Let Q = {(x',x N ) | \x N \ < 2, \x'\ < 1} and fix = {(x',x N ) \ \x N \ < \, \x'\ < §}. 
/fa > 1/2, < s < 2 and u is a weafc solution of equation ( 11.11 ) m f2, men mere ex/sfs C > smc/i f/iaf 



du(x) 



dxN 



< C\xn\ 1 , Vx G Oi \ {x I x^ = 0}. 



{(w'.wO 1 1 < 



Proof. For < e < 1, let Vt t = {(x',x N ) \ \e < x N < 2e, \x'\ < e} and Q* 
Un < 2, < 1}. For cc G f2 e , set it e (y) = u(ey), y — x/e. By Theorem l4.2l u t is bounded in 
Straightforward calculation shows that u e satisfies — div(\yN\ 2a Vu e ) = e^|w e | 2 ^~ 2 u t in 51*, where 
/3 = a • (2*(s) - 2) + 2 - s > 0. L p - estimate gives that there exists C > such that 

lkl|c^(n 2 ) < C'(lk|U~ ( n.) + ^*||«r W_1 IU~(n-)) < + e^M 2 ^" 1 ) := C, 



where tt 2 = {(y',yjv) | < y N < 1, |y'| < |}. In particular, we have e^(0,e) = ^(0,1) 
Thus 

3u 



< C. 



(0,Xjv) 



< C|a;Ar| _i , < x N < 1. 



(4.37) 



For fixed |xq| < 5, consider u(x) = u(x + (x' Q , 0)). As d4.37| ), we have ^^-(xq, xjv) < C|xjv| 1 - 



Therefore 



c?u(a;) 
dxM 



< C\x N \~\ Vx G ^1 \ {x I xat = 0}. 



□ 
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5 Symmetry and uniqueness of solutions 

In this section, we obtain some symmetry and uniqueness results for positive solutions of equations 
(HD- 
Given A > and a function u : R N -> K, define u\(x) = ^"-Z+L u , x G R N \ {0}. We 
shall use the method of moving sphere (see l4l [TBI [T6lD and its variant (see fl24lD to prove the following 
Theorem 

Theorem 5.1. Suppose that a > l/2and0 < s < 2. Ifu G X a j oc (M. N ) is a positive solution of equation 
( 11.11 ), then there exists a positive number A such that u(x) — u\{x), x G M. N \ {0}. 

Proof. By Theorem |4.4| we know that u is Holder continuous in K w . The proof is divided into four steps. 

Step 1. In this step, we shall prove that there exists Ao > such that u\(x) > u(x), \x\ < A if 
<TTA . 

By Proposition ^. 11 we know that u\ satisfies equation dl.lt and u\\qb x (o) = u las A (o)- Thus 
-div(\x N \ 2a V(u x -u)) = \x N \ a - 2 "^- s (u 2 x ' (sK1 -u 2 "^- 1 ) 

= (2*( S )-i)\x N r 2 '^-^ 2 ; {s) - 2 (u x -u), (5.D 

where ip\(x) is some number between u\(x) and u(x). Let Q7 = {x G B\(Q) \ (u\ — u)(x) < 0}. Set 
M = max^jjo) u. By Theorem 14.21 we have M < +oo. Multiplying equation ( 15. U by (u A — u) _ and 
integrating. By Holder inequality and Theorem l2.ll we get that if < A < 1, then 

\x N \ 2a \V(u x -u)\ 2 

n- 

(2*( S )-i) / i^r- 2 *w->f (s) - 2 K-u) 2 



< (2*( S )-i)(/ M Q - 2 * (s) ->f (s) ) * (/ i^r- 2 *«-'(«x-t*) a " w 

WOT / Wq7 



2*( = ) 



< (2*( s )-l)Af 2 *( s )" 2 / \x N r 2 '^- s \ / |a*|«- a >>-'(u A -u) a *« 



2*(s)-2 
2*( = ) 



< CM 2 *W- 2 / |ar w r 2 *W-' / M 2q |V(u a - u)| 2 . (5.2) 



Since lim A ^ / n - |xat | Q ' 2 * (s)_s = 0, by (l5?2l we deduce that / n _ |xjv| 2a |V(> A — w)| 2 = if A > 
small enough. It follows that if A small enough, then for any x G B\(0), u\(x) > u(x). 

Step 2. Set A = sup{/i > | u\(x) > u(x), \x\ < A, < A < /i}. We shall prove that if A < oo, 
thenw x = itin R N \ {0}. 

Obviously, it is sufficient to prove that uj = u in Bj(0). From the definition of A, we know that 
Uj> uin%(0).lf uj^ uin%(0),by 

-div(\x N \ 2a V(uj-u)) = (2*(s) - l)\x N \ a - 2 '^~ s ^ {s) ~ 2 (uj-u) > 0, 
and Proposition l3.21 we get that 

(uj - u)(x) > 0, Vx G B T {0). (5.3) 
It follows that for S > small enough, 

max (u T — u)(x) > 0. (5.4) 
*eas-_, ( o) V A 
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By d5.4| i, we can choose e = e(S) > small enough, such that e = 0(6) as S — > and 

max (u\ — u)(x) > 0, if A < A < A + e. (5.5) 

Set fl^ = {x I A - 5 < \x\ < A, u\(x) - u(x) < 0}. By (ISTSb and the fact that (u A - u)|as A (o) = 0, 
we get that (u\ — u)~ | an - = 0. Then as (15.2b . we get 

\x N \ 2a \V{u x -u)\ 2 



= (T(s)-l) / \x N r^-°^- 2 (u x -uf 
Jn- 

< CM 2 *W" 2 I / |ar w |°- a, W-| / M 2q |V(u a - u)| 2 . (5.6) 



By 



lim / M"' 2 *^- 5 = 



and ( 15.6b . we know that if 6 small enough, Lebesgue measure of fi A must be zero. Thus when A < A < 

A + e, 

u x {x) -u{x) > 0, X-6 < \x\ < A. (5.7) 

By ( 15.31 ). we deduce that there exists C(S) > such that uj(x) - u(x) > C(5) > if \x\ < A - S. 
Thus we can choose e small enough, such that u\(x) — u(x) > if \x\ < A — <5 and A < A < A + e. 
Combining (15.7b . we obtain that w A (aO — u(x) > if |i| < A and A < A < A + e. It contradicts the 
definition of A. Thus uj = u in M. N \ {0}. 

Step 3 . For b e l^" 1 , let u {h \x) = u{x + {b,0)),x eR N and let X b be defined as in Step 2 relative 
to ijW. In this step, we shall prove that if Ab = 00 for some b E R" -1 , then A& — 00 for all 6 G R N_1 . 

By Step 2, there is a maximal A& > such that (u^^xix) > u^ b \x), if |x| < A and < A < Ab. 
It follows that (u (b) ) A (a;) < if |x| > A and < A < A b . Letting xb — x - (6,0), we have 

/ >. W-2+2Q / 2 \ _ 

> ( t^t J M ( ^' ^ ) ' ^ mce ^ b = 00 ) we know mat me above inequality holds for 

all A > and \x b \ > A. For any fixed A > 0, it follows that 

lim \x\ N ~ 2+2a u(x) > lim ( M) N u (p£ + (b, 0)) = X N - 2+2a u(b, 0). 



|X(,|^oo \ \xb\ J V l X fc| 2 

Letting A — > 00, this implies limui-joo |x| A '~ 2+2Q! u(a;) = 00. Assume that there is a ^ b such that A a < 
00. Then by Step 2, it is u (a ) = {u ia) )j a , i.e., = ( 15M u + (a,0)J , x a = x-(a, 0). 

This gives lim \x\ N ~ 2+2a u(x) = X a u(a, 0) < cxd, which contradicts to lim \x\ N ~ 2+2a u(x) = 00. 

|x| — >oo I I — >oo 

Step 4. In this step, we shall prove that Ab < 00 for all b 6 M^ -1 . 

By contradiction. If not, then by Step 3, for any b s R^ -1 , Ab = 00. Let 

g\,b(x) = u(x + (b,Q))-\T-r\ iW— + (6,0) 

for \x\ < A, A > and b € I*- 1 . Then g\ x \, b (rx) = u{rx + (6,0)) - rJV -W " (f + ( fo ,0)) . Since 
g\,b(x) < if |x| < A, we get that when < r < 1, 

5|x|,bM < 0. (5.8) 
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r=l 



By Proposition ^. 51 we deduce that for any x ^ 0, 4-(g\ x \,b( rx ))\r=i exists. By straightforward calcula- 
tion, we have 

^r(g\x\.b{rx)) 

dr ' r=l 

= (z(Vu)(™ + (b, 0)) + ^T^(Vu)(- + (6, 0)) + _ Jf - i +_„(- + (6, 0))J 

= 2xVw(x+(6,0)) + (7V-2 + 2a)u(a; + (6,0)). (5.9) 

By ( 15.8b and the fact that <7| ^ | .t, (a^) = 0, we get that -^{g\ x \.b{ rx ))\r=i > 0. Thus by (15.91 . we have 

2(x - (6, 0))Vu(x) + (TV - 2 + 2a)u(x) > (5.10) 

Divided both side by |6| in d5.10t and let |6| tend to oo, we get that aVu x >(x) < for any a G l^" 1 
with \a\ = 1. It follows that \7u x >(x) = 0, Vx G K . Thus u is independent of a;', i.e., u = u(xn). By 
Theorem l4.2l we get that u = u(x^) is a positive solution of —(xj^u 1 ) 1 — x^ 2 ^ s it 2 W -1 , xjv > 
with u(0) = lim^^^o u(xm) < oo. However, by Lemma [531 we know that this equation has no positive 
solution. Thus X b < oo for any b G l w_1 . □ 

Remark 5.2. By this Theorem, we know that if u G X a ^ oc (R N ) is a positive solution of equation ( 11.11 ), 
then u(x) = 0(\x\~( N ~ 2+2a ^). It follows that if u G X a j oc (R N ) is a positive solution of equation ( 11.11 ), 
then u G X a (R N ). 

Lemma 5.3. If a > 1/2 and < s < 2, then the following equation 

- (r 2a f)' = r *a , (»)-«ya'(«)-i j r > j( r ) > f, Q s _ lim j(y\ < ^ (5 n) 

/zfli no solution. 

Proof. Equation (15. lit is equivalent to —f"(r) - ^rf'(r) = r /3 / 2 *( s ^ 1 (r), r > 0, where (3 = a ■ 
2* (s) — s — 2a. For r > 0, making the change of variable y = r T /r, /(r) = it(y), this equation becomes 



2a-l 



1 



- - u(y) - r^ 2 *^- 1 ^), y > 0, (5.12) 

where a — ;3 ~ 2 ^"~ 1 ' ) . For x G R, let [a;] denote the largest one among the integers which do not exceed 
x. Let t = (2a- l)/[2a] and k = 2 ^- + 2 = [2a] + 2. Then equation ( |5TT2l is equivalent to 

- Au(z) = r^lxl^u 2 *^)- 1 ^), a; G R k , (5.13) 

where |x| = y. It is easy to verify that a > — 2 and fc ^ 2 J l 2 2g > 2*(s) — 1. Thus according to Propo- 
sition 5.2 in fl27ll by Serrin and Zou, radially symmetric positive solutions of ( 15.131 ). if any, satisfy 

2+<T 

limi^i^o M 2 *< a )- 2 u(x) — A, for some positive constant A. This contradicts the assumption /(0) = 
lim r ^o+ f(f) < oo. This lemma is established. □ 

By Remark l5~2l Proposition 13.31 and the classical moving plane method (see fffl '). we can get the 
following Theorem 

Theorem 5.4. Suppose that a > 1/2 and < s < 2. Ifu G X a j oc (M. N ) is a positive solution of equation 
( 11.11 ), then there exists x' Q G R w_1 such that u is axially symmetric about the axis {x — (x',xn) G 
1 N | x' = x' }, i.e., u(x' , xn) = u(\x' — x' Q \, xn)- Moreover, §7(7, xn) < for r = \x' — x' \ > 0. 

Theorem 5.5. IfuE X at i oc (M. N ) is a nonnegative weak solution of div(\xN\ 2a Vu) — in M. , then 
u = a for some constant a > 0. 

Proof. As the proof of Theorem 15. 11 we can get that either u = uj for some 0<A<oo, orA(, = oo 
for all b G l" -1 , where Ab is defined in the Step 3 of proof Theorem 15.11 If A& = oo for all b G M. N , 
then as step 4 of the proof of Theorem 15. II we deduce that u = a for some constant a > 0. If u = uj 
for some < A < oo, then u(x) — 0(|ai|^ JV ~ 2+2Q! ' ) ) as |a;| — > oo. Then by Proposition l3.ll we get that 
< sup Bfi (Q) u < supa SR (- ) u — > 0, as R — > oo. It follows that u = 0. □ 
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Theorem 5.6. Suppose that a > 1/2 and < s < 2. Let u € X Qi ; oc (R Ar ) foe a positive solution of 
equation ( 11. ID which satisfies 

u{x) = \x\-( N - 2+2 ^u{x/\x\ 2 ) := u{x), Vx € R N \ {0}. 

Then there is x' G R^ 1 such that u(x' , 0) = u(x' Q ,0)(l + |x' - x^ 2 )-^- 24 " 2 ^/ 2 , Vx' £ 

Proof. For a fixed 6 S R^ -1 , define u^ b \x) — u(x + (b, 0)). By Theorem l5.ll there exists > such 

that = (u^) Xb , i.e., u(x + (b, 0)) = J u + (6, 0)J . Letting x b = x - (b, 0) for all 

x, this identity becomes 

"<■»-(&) "(r^ +(M) )- (5 - 14) 

Multiplying the above identity by \ [X \ N ~' 2+ ' 2a and letting \x\ — > oo, we find 

/ I I \ 7V-2+2Q / , 2 \ 

,7(0) = , lim \xf- 2 + 2 «u{x) = \r 2+2a , Um (pA U (\1S + (M) J = ^^O), 

and using u(0) = w(0), we get 



From u = u and (EH, we have (jfjsj = (^J u + (6, 0)J . Let /(x') - 

w(x', 0), by Proposition |4.5l we know that / G C 1,7 (R Ar_1 ). Now setting xn = in the last identity and 
using ( 15.15b . we obtain 



\ x '\N-2+2 a J \\ x '\2) \u(b,0)J \x' ~b\ N - 2 + 2aJ \ |x'-6| 2 

Then as the proof of Corollary 2.8 of (24), we can get that f(b) = f(x' )(l + \b- x' \ 2 )~ (N ~ 2+2a)/2 for 
some fixed x' eR N ~ 1 .By the arbitrariness of b, we have u(x', 0) = m(xq, 0)(1+|x'-Xq| 2 ) _(jv_2+2q)/2 , 
Vx'gR^ 1 . ' □ 

Corollary 5.7. Suppose that a > 1/2 and < s < 2. Lef u G X a ^ oc (R ) foe a positive solution of 
equation ( II. ID . 77ie« f/zere exz'sf A > ant/ Xq G R^" 1 smc/z f/?af u(x',0) = u(x' Q ,0)(l + A 2 |x' — 

a ./ ) |2)-(JV-2+2a)/2 jVa ./ g R W-1_ 

Proof. By Theorem |5. II there exists /i > such that m p = w. Let w(x) = fj, N ~ 2+2a u([i 2 x), x G R w . 
Then w is a solution of equation (JTTTJ satisfying w(x) = |x| _ ( jv_2+2q ^w(x/|x| 2 ), x G R w \ {0}. By 
TheoremEU we get that v(x\ 0) = w(a,0)(l + |x'-a| 2 )-( JV - 2+2a )/ 2 , Vx' G R^ 1 for some a G R"^ 1 . 
Byw(x) = A i Ar - 2+2Q w( A i 2 x),wegetthatu(x',0) = u(x^0)(l + A 2 |x'-x^| 2 )-( Ar - 2+2Q )/ 2 , x' G R"" 1 , 
with A = l/^ 2 and Xq = p?a. □ 



Theorem 5.8. Suppose that a > 1/2 and < s < 2. Lef J7 aiS foe a positive solution of equation ( 11.11 ) 
/or some A > and x' G R w_1 



Then u is a positive solution of equation ( 11.11 ) if and only ifu(x', xjv) = A 2 + U a . s (\x' + x' , Axjy) 



Proof. By Corollary \5J\ there exist r\ > and a G R^ -1 such that U a , s {x' , 0) = C/ Q , s (a, 0)(1 + ?7 2 |x' - 
Q |2'|-(jV-2+2a)/2 p rom tne p roo f f Proposition ^. II we know that xfrUn, Ax) and x%u{x),x G R+ are 

JV-2 + 2q 

solutions of equation (14. U . From Proposition 5.13 of (6), we deduce that W a , s (%) = ^jv 2 C^q.s(x) 

AT-2+2q 

and v(x) — x N 2 u(x), x G R+ are solutions of equation ( 11.5b with X = 1. By Remark I5T21 we 
know that U a>s and u lie in the space X a (M. N ). Then it is easy to verify that W a>s and v lie in the 
space H l (B), where H = (R? , ^) is the TV-dimensional hyperbolic space and /^(H) is the Hilbert 
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space C£°(H)"'" with norm ||u|| = (/ H \V M u\ 2 dV M )? = (J R « x 2 N N \Vu\ 2 dx)i. From OH, up to an 

isometric transform of H, the positive solution of equation ( 11.51 ) which lies in H 1 (M) is unique. And from 
page 1 16 of [25 1, we know that the isometric transforms of H are those Mtibius transforms of R N which 
leave invariant. Thus there exist A > and x' Q G R^ -1 such that v(x) = W a , s (Xx' + x' , Xxn) 
for any x = (x',x N ) G R+. It follows that u(x',0) = A w ~ 2 2 +2 ° U a , a (\x' + x' ,0), W G R N -\ Let 
W a ,s{x) = (—xn) N 2 ^ 2a U a ^ s (x) and v(x) — {—xn) N 2 +2 "«(x), x G R^. Using the same argument, 
we deduce that there exist /i > and x' Q G R^ 1 such that v(x) = W atS (iix' + x' , ijlxn) for any x = 
(x',xm) eR". In particular, we have it(x', 0) — fj, a - \J a s (/ix' + x' , 0). Thus A a 1 U a . s (\x' + 
x' ,0) — /i 2 ± U atS (fj,x' +x' , 0) for any G We obtain x' Q — x' and A = fi. Thus u(x' , xn) = 

A _ 2 +2 °E7 aja (Aa;' + Xq, Axat) for some A > and Xq G 1 w_1 . □ 

Theorem 5.9. If u G A" 1 ; oc (R Ar ) is a positive solution of equation ( 11.11 ) vw'f/i a = 1 and s = 1 + 2//V, 
i.e., it is a positive solution of equation 

- div(\x N \ 2 Wu) = \x N \u~^, (5.16) 

f/zen there exist A > and £ G R^ -1 smc/i f/iaf xj?) — X~ r U(Xx' + £, Xxn), where U(x', xn) = 

( (l+izjfi^+ia'p ) ' F ur thermore, taking derivatives with respect to the parameters X and Q at A = 1 
ant/ £ = 0, we get N functions V\, ■ ■ ■ , Vjv- These functions are solutions to the linearized equation 

- div(\x N \ 2 Vv) = —±-^-\x N \U%vinR N , v G Xi(R N ), (5.17) 
ana' any solution of ( 15.171 ) can be the linear combination of V\ , ■ ■ ■ , Vjy . 

Proof. If u is a positive solution of equation ( 15.161 ). then by Remark IBT21 we know that u G Xi(R N ). 
Then v = x^u G X>q' 2 (R+ ) (see ( 12.51 )) and it is a positive solution of equation — Av = " ( in R^ 

X N 

Af-2 N 

(see ( 14.11 )). From Proposition 5.13 of (6J, we know that ui(a;) = x^ 2 = i^uis a solution of 



A f - 1 



the equation -A H «i = ( 4 " ' v 1 + v{ N which satisfies vi G i^QH), where H = (R+ , pj-) is 

the /V— dimensional hyperbolic space and i7 1 (H) is the Sobolev space defined in the proof of Theorem 

Let R N+2 = R N - 1 x R 3 and z = (x, y), x G I"" 1 , y G R 3 . By Lemma 2.1], we know that 



ui(x,y) = \y\ 2 vi(x,\y\) = u(x, \y\) is a solution of equation — Aiti = Ul i i with u\ G P ( 1 ) ' 2 (R Ar+2 ). 
By ll20l Theorem 1.1], Up to dilations and translations in x, this equation has unique solution Ui(x,y) — 

( n"+k|p+CT J ■ Therefore, up to dilations and translations in x', equation ( 15.161 ) has a unique positive 

solution U(x',Xff) = ( ( 1+ | a;]N 2 |^ + | a ./|2 J ■ By ||5] Theorem 3.1], taking derivatives with respect to the 

parameters A and ( at A = 1 and £ = to A( Ar_2 ^/ 2 t r i(Aa; + £, Xy), we get TV functions. These functions 
are solutions to the linearized equation at U\ 

_2_ 

- Av = H±l^L v in R N + 2 , veV^iR^ 2 ) (5.18) 

and any solution of ( 15.18b can be the linear combination of the N functions. Thus taking derivatives with 
respect to the parameters A and £ at A = 1 and £ = to X N / 2 U(Xx' + £, Xxn), we get N functions 
V\ , ■ ■ ■ , Vjv . These functions are solutions to the linearized equation ( 15.171 ) and any solution of d5.17| ) can 
be the linear combination of V\ , ■ ■ ■ , Vn . □ 



6 Some variational identities 

In this section, we derive some variational identities for solutions of equation ( 11.2b . As a consequence, 
some nonexistence results for solutions of equation dl.2| ) are obtained. 
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Theorem 6.1. If K £ C 1 (B^(0)) and u G -X" Q ./ O c(-B;(0)) is a weak solution of equation ( 11.21 ) in -B s (0), 
then for any < er < the following identity holds 



,.. , (x-V^)-| a;w |"- 2 *^- s | u | 2 *^-— - / (x-n)-if(x)M a - 2 *«->| 2 *« 
= j B(a,x,u,Vu), (6.1) 

where B(a,x,u,Vu) = N ~ 2 + 2a \x N \ 2a -u^- ^\x N \ 2a \Vu\ 2 +a\x N \ 2a (|^) 2 andn= (m, ■ ■ ■ ,n N ) 
is the outer normal vector of dB i.e., n = x/\x\, rii = Xj/|x|, 1 < z < N. 

Proof. For < e < a, let = B CT (0) {xjv > e}. Multiplying left hand side of equation ( 11.21 ) by 
x ■ Vit and integrating in f2+ CT , we obtain by divergence theorem that 



div{\x N \ Za Vu)(x ■ Vu) 
I \x N \ 2a (Vu-n){x-Vu) + I \x N \ 2a Vu- V(x • Vu), (6.2) 



'dm 

where n = {n\ , • • • , tin) is the outer normal vector of fi+ CT . We have 



Through integrating by part, we get that 

N N r Q o2 

-EE/ S -EE/ 

tlf^Jan+r \dxij irij^Jn+.^i 9 Xj \ dx % 

\x N \ 2a (n-x) • |Vu| 2 

X I lryX'\X,X--2n I I. r A P I Yu F - V V f \xN? a x°" °~ " 



■f \x N \ 2a \Vu\ 2 -2a [ \x N \ 2a \Vu\ 2 - VV / \x N f 



J dxi dxidxj 



It follows that 

N N 



EE/ \ x ^7T7T^- = l f \^(n-x)-\Vu\ 2 -^±^ [ \x N nVu\ 2 
'H'HJntv dxidxidxj 2 J antc7 2 J n +„ 



i=l 3 = 1 
By (|6T2|) - |6\4)), we obtain 



(6.4) 



/ dw(|a;Ar| 2Q Vu)(x- Vu) = - [ \x N \ 2a (Vu ■ n)[x ■ Vu) + \ [ \x N \ 2a (n ■ x) ■ \Vu\ 2 

/ \x N \ 2a \Vu\ 2 . (6.5) 
Jn+ 



N-2 + 2a 



2 

Multiplying right hand side of equation ( 11.21 by x ■ Vu and integrating in we obtain 

/ K(x)\x N \ a - r(s X s \u\ 2 ^ s X^ u . ( x . Vu) 
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i=i 



' A Jr(g)| gjy r- 2 'W-' ■ (a ■ n) • \u\ 2 '^ - N l +2a I K(x)\x N r 2 '^- s \u\ 2 '^' 



2*( S ) 
1 



2*00 



^ (x- VK(x))\x N \ a - r ^- s \u\ ris) . (6.6) 



By dOJ, <62) and the fact that - dw(|x N | 2q Vu)(x • Vu) = ^(a;)^^!"- 2 *^- 5 ^! 2 *^- 2 ^ • 
(x • Vu), we have 

- / M 2q (Vu • n)(x • Vu) + ~ / |x^| 2a (n • x) • |Vu| 2 - ^ ~ 2 + 2a / |x^| 2a |Vu| : 
J^x)^"' 2 *^^ • (x-n) • |u| 2 *^ 



1 



2*( S ) 



A ~ + ~° ' K(x)\x N \ a - 3 *W-\ufW - / (x- VK(x))|x w | Q ' 2 *( s )- s | U | 2 *( s ). (6.7) 



+ 



2 ./nt/ ' 1 2 *W 
Since-/ 0+ div{\x N \ 2a Vu)u = J Q + K(x)\x N \ a - 2 "^- s \u\ 2 '^ and 



dw(|xAr| 2Q Vu)u = - / \x N \ 2a (n-Vu) -u+ \x N \ 2a \Vu\ 2 , 
we have 

-/ \x N \ 2a {n-Vu)-u+ f \x N \ 2a \Vu\ 2 = [ K{x)\x N \ a - 2 ' {s) - s \uf {s \ (6.8) 
By (I6.7l i and (I6.8l l. we obtain 

' ; (x-VK(x))|xAr| Q - 2 *( S )- S |u| 2 * (s) --^- / K(x)|xAr| a - 2 *( S ^ S • (X-n) • |u| 2 *^ 



' " 2 + 2 " / |x w | 2Q (n • Vu) -u - i / \x N \ 2a (n ■ x) ■ |Vu| 



+ / |xjv| 2Q (Vwn)(x- Vu). (6.9) 

Let fl~ a = B a (0) (~l {xjv < — e}, < e < cr. We can get a similar identity like ( 16.91 1 with replaced 
by Adding these two identities, we obtain 



1 



2*(s) 7n+„uo 
1 



2*(«) 



(x- VK(x))|xat| q - 2 *( s )- s |u| 2 *( s ) 

^(x)^^!"- 2 *^- 5 • (x-n) • |u| 2 *( s > 
/ M 2Q (n- Vu)-u-i / |a*| 2a (n.aO.|Vu| 



/ |xjv| 2Q (n- Vu) -it- - 

|x Ar | 2Q (Vu-n)(x- Vu), (6.10) 

en+ uen~ 
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where n = (m, • ■ • , un) is the outer normal vector of f2+ CT U Q e a . Since dflf^ U dSl e a — ({|a;jv| > 
e} n dB a (0)) U {{\x N \ = e} n B ff (0)), we get that U Sn~J SB a (0) U {{{x N = 0} n S CT (0))) 

as e — > 0. Moreover, VL+ a U — > B CT (0) as e — > 0. By Proposition 1461 we get that as e — > 0, 



/ |a; A r| 2Q (n-Vu)- U = T / 

"'{2:jv = ±e}nS< T (0) J{: 



a;jv=±e}nB„(0) 



9a; 



JV 



(a/, e) • u 0. 



(6.11) 



Furthermore, by Proposition l4.5l and Proposition l4.6l we deduce that as e — > 0, 



)ij,=±e}n5„(0) 



< C I e- 

'{x N = ±e}nB tT (Q) 



|xjv| 2Q (n-a;) • |V«| S 



du 

[x ,e) 



<9x 



AT 



<9u , 



9.r 



In a similar manner, we have 



lim 



x N \ 2a (Vu-n)(x ■ Vu) = 0. 



(6.12) 



(6.13) 



, {i JV =±e}nB„(0) 

Letting e — > in ( 16. 10b , by (|6.1 II) — (16.13[) , we obtain the desired result of this theorem. 



□ 



Then 



Corollary 6.2. Suppose K, K e C 1 (R N ) n L°°(R N ), where K(x) = K(x/\x\). If u £ X a (R N ) is 
weak solution of equation ( I1.2H in R N , then f MN (x ■ VK) ■ \x N \ a ' 2 '^~ s \u\ 2 '^(x) = 0. 

Proof. Let u(y) = [y ^l i+ia u {^^j . 

1 \y N \ 2a \v y u\ 2 
\y N \ 2a 
\y N \ 2a 

2 I \y N \ 2a 



V 



1 



V y | y |AT-2+2a ' 

N - 2 + 2a y 



\y? 



\y\ 



N-l+2a 



1 



\y\ \\y\ 
y ( y 



\y\ 



N-l+2a 



2 / |yjv| 



2 a 



(6.14) 



Using the transform y = x/\x\ ( the Jacobian of this transform is |a;| ), we get that 

2 



M 2 



i v ( y 

\ y \N-l + 2* \y\ U {\y\2 



\vn\ 



1 



2 / y 



|y| 2N - 2+4a VM 2 

2a| i-2„,2 



|xAr| 2a |a;|-^^(a;)da;. 



From the proof of Theorem 12. II we get that v(x) := \xn \ a u(x), x £ M. N satisfies that v G H 
Then by the Hardy inequality, we deduce that J RJV < oo. Thus, 

/ |^| 2Q |a:|- 2 u 2 (x)^= / ^<oo. 

Jr n J& n \ x \ 

By ( 16.151 1 and ( 16.161 1, we get that 



(6.15) 



R N 



\vn\ 



2d 



y ( y 



\v\ 



N-l+2a 



\y\ \\y\ 



< oo. 



(6.16) 



(6.17) 
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Note that 



V„ u 



A(y), 



(6.18) 



where 



A(y) = ( 



s i.j _ 2 ViVi 

\v? I2/I 4 J NxN 



which satisfies that 



It follows that 



Vy I U 



A(y) 



y 

\y\ 2 



y y 
W\ = ~W 

2 

= (V«U) 
1 



A{y)A{yf 



y 

\y\ 2 



\y\ 4 



\y\ 4 ■ 

A(y)A(y) T (V x u) 

2 



(6.19) 



y 

\y\ 2 



y 
\y\ 2 



(6.20) 



By ( 16.20b and using the transform y — x/\x\ 2 , we get that 

\y N \ 2a 2 



PA" 



1 



\y\ 



N-2+2a V 



V„ u 



2/ 

M 2 



|yjv| 



2d 



(v.«, , |y|a 



|y|2JV+4a 
/ |.Tjv| 2 "|V xU | 2 < OO 

7r« 



(6.21) 



By ( 16.14b , ( 16.17b and ( 16.21b , we get that j RN \y N \ 2a \V y u\ 2 < oo. It follows that u £ X a . Thus by 
Theorem|4~2l we get that u e L°°{R N ). 
Since 



V y u{y) 



N - 2 + 2a y y 
-u 



\u\ 



N-l+2a 



\y\ \\v\ 2 ) \y\ 



|W-2+2a v V 



V„ u 



y 

\y\ 2 



(6.22) 



by ( 16. 20b , we get that 



y N \ 2a \V y u\ 



> 



f 

a 



\vn\ 



2n 



|y|2AT+4a 



(V x u) 



JL 

Is/I 2 



lz/;v| 2 



2* 2N+4a J dBA o) 
Using the transform y = x/\x\ 2 , we get that 



(JL 

\\y\ 2 



a(N -2 + 2a) 2 

2 



\V»\** U 2 



- a{N - 2 + 2a) 2 / 
Jd 



|y|2Ar-2+4a 

\y N \ 2a 
\y\ 2 



y 

\y\ 2 



a 



T 2N+4a 



\Vn\ 



2d 



(V x tt) 



y 

\y\ 2 



T 2N+4a 



\xn 



2a 



4a 



■\{V x u){x)\ z -a 



u 2 {y). (6.23) 



2 . „2(N-1) 



?l/<r(0) 



IxatI^KV^w)^)! 



(6.24) 



Since u G X a , as (16.16b . we can get that 

limo- / \y N \ 2a \\J y u\ 2 = 0, lim a(N - 2 + 2a) 2 / 
Then by (|6T23|) - (|6T25|) . we get that 

IxwI^KVxuJC^I^O 



as„(o) 



M 2 



lim a 1 



S 2 (y) = 0. (6.25) 



(6.26) 



dB 1/a (0) 
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It follows that 



By d622t . d6l8t and d6TT9b . we get 

y _ N-2 + 2a ( y\ 1 y 



N-2 + 2a (y\ 1 fy\ y 



It follows that 



|yAr| 2Q uV y u • y~ 

dB a (0) 12/1 

- (W - 2 + 2a) / !^< 9 ) - / Jg^u ( ') ( (v..) ' 9 



Using the transform y = x/|a;| 2 , we get that 



° -ldB 1/cT (0) Fl 



|iivr Q u(a;) (V B «) (x) 
8Bi/„(0) V Fl 

9Bi /<r (0) on 
As above, we deduce that 

lim / \y N \ 2a uV y u ■ = , Urn (N - 2 + 2a) / ^lpu 2 (y) = 0. 

a ^ a JdB a (0) \y\ -W(0) \y\ 

Then by d6T28l and jo\29] >, we get that 

lim/ M 2*. u |li =0 . 
— Q Jd Bl/ A0) dn 

By (|6T26T >, (|6T27T > and (lOOK we get that 

lim / B(p, x, u, Vtt) = 0. 

By the fact that u G L°°(R Ar ), we deduce that u satisfies \x\~ tyN ~ 2Jr2a ^ decay at infinity. Thus, 

lim / {x-n)-K{x)\x N \ a - r ^- s \uf {s) = 0. 

P^°°J9B P (0) 

Then by d6.3U and ( 16. It . we obtain the desired result of this Lemma. 
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Remark 6.3. Suppose K,K G C 1 (lr') n L°°(R N ). IfxVK{x) > or xVK(x) < 0, Vx e 1" and 
xVK(x) ^ 0, fnen equation ( 11.21 ) afoes nof /lave solution lying in X a (R N ). Furthermore, by Remark \5 .21 
anaf fn/s corollary, we know that if x\7K(x) > or xWK{x) < 0, Vi € and xVK(x) ^ 0, f/zen 
equation ( 11.21 ) afoes nof wave positive solution in X aj i oc (M. ). 

Theorem 6.4. Suppose that K G C 1 ^). //w G l a (R N ) /s a weafc solution of equation ( 11.21 ), f/ien 

§^ • M"- 2 *W->f « = 0, 1 < i < N - 1. 

Proof. Let tp R be a cut-off function which satisfies that tpR = 1 in 5^(0), ipR = in l w \ S/j+i (0) and 
|V^ij(x)| < l,Wx G K^. For 1 < £ < JV — 1, multiplying the equation dl.2| ) by <Prj^t and integrating 
in {xn > e}, we obtain 

- / dzv(\x N \ 2a Vu) ■ Ur^] = I K(x)\x N r r ^- s \u\ r ^- 2 u-( m ^-) . (6.32) 

Jx N >€ V OX l J Jx N >t \ OX t J 

Through integrating by parts, we get 

( du 

div{\x N \ 2a Vu) ■ [<Pr-^- 

Jx N =6 ° x i OX N Jx N >e \ ° x i 

f , i?™ du du f _ _ / <9u 

/ M(pR Wm^ + \ x N\ 2a m-Vu-v( — 

+ / \x N \ 2a — -Vu-Vvr- (6.33) 

Jx N >t V x i 



Since 



x N \ 2a m -Vu-W[^ 

x N >e \<JXi 

du d 2 '. 



dxj dxidxj 



j—l J XN>e 

Y^J ' ^7 (' Xjv ' 2Q<<5i? ^~) ( thou g h integral b y P arts ) 

E A /" 9« i i2 q <9 2 u f f du 

^ xn>£ 3 UX t UX 3 j =1 Jx N >e \ ux ] 

Jx N >e \O x i 



|2alT7..|2 



|xivr|V U | 



we get that 



cjv>e Jx N >e 9Xi 

f \x N \ 2 ^ R ■ Vu ■ V f = -~ / M 2q |Vu| 2 ■ (6.34) 

Jxn>H \U X l / * Jxn>£ ® X% 



By d6~33l and <l634l . we get that 



div(\xN-\ 2a X7u) ■ ( ifR 

x N >e 



dXi 



'*»' 2 "' V »' 3 '^ + / l^l 2 "^-V».V Vs . 

(6.35) 
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In a similar manner, we have 

div(\xN\ 2a Vu) ■ I ^Rtt- 

x N <-c \ U x i 



2 &U du If 2q I v"7„ 1 2 dl PR 



\x N \ Za m —-- -/ \x N \ 2a \\7u\ 

dx t dx N 2J XN< ^ e dx l 

+ \x N \ 2a -^-Vu-Vvn- (6.36) 

Jx N <—e ® x i 

Adding ( |6.35t and ( |6.36t and using the fact that lim^o J" x =±e kjv | 2Q( AR i§- • = ( by Proposition 
|431and|4~6ll, we get that ( letting e — ► ), 

{ du 

div(\x N \ 2a Vu) ■ I ^ij — 
V dx i 

\[ \x N r\Vuf-^ + [ M^-Vti-V^. (6.37) 



lim / div(\x N \ 2a Vu) ■ ( tp R p- ) = 0. (6.38) 



2 

By ( 16.37b . we have 
On the other hand, 

1 /" , d 



2*(s) 



\uf^.^-( K (x)\x N r 2 '^- s m ) 



1 A aK \ XN \°«'(>)->\ u \*'M VR -i [ K( X )\ XN r 2 * (s) - s \uf (s) - dipR 



2 *(s) 7r« dxi 2*(s) 7 K N ctoj 

Letting R — > oo in the above identity, we obtain 

lim / i^l^r^-M 2 *^- 1 • f = --^ / I^I^I^W-^p-W. (6 .39) 



R^x! J r n \ dxi J 2*(s) J r n 9a: 

By d§38), (l639ll and (16321. we get J RJV §^-\x N \ a - 2 '^- s \u\ 2 *^ = 0. □ 



The following kind of result will be used in the blow-up analysis of equation (11.21 ). Similar results 
have been used in fl4l . 

Proposition 6.5. (i). Foru = \x\~^ N - 3+2a \ B(a,x,u,Wu) = Oforallx G dB a (0); 

(ii). Foru{x) = \ x \-{N-2+2 a ) + A + £(x), with A > 0and£{0) = 0, -div(\x N \ 2a V£) = weakly in 
B\ (0) , f/iere ex/ifi cf iwc/; f/;a? 

J5(cr, x, u, Vu) < 0/or a// a; G dB a (0) and < er < a 

and 

lim [ B(a,x,u,Vu) = -)-A{N-2 + 2a) 2 [ \x N \ 2a . 

a ^ JdB a {0) 2 JdB 1 (Q) 

Proof, (i). By straightforward calculation, we have Vu = —(N — 2 + 2a)\x\~( N ~ 2+2a ^~ 2 x and 

= n ■ Vu = ^ ■ Vu = —(N - 2 + 2a)|a;|-( Ar - 2+2a )- 1 . It follows that | Vu| 2 1 ^1=^ = (N - 
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2 + 2a) 2 a-^ N - 2+2a ^ 2 , ugs| w=<7 = -(N - 2 + 2a) ( j- 2 ( Ar - 2 + 2Q )- 1 and {du/dn) 2 \ {x{=a = (N — 
2 + 2a) 2 cr- 2 ( Ar - 2+2a )- 2 . Thus B(a, x, u, Vu) = for all x G &B CT (0). 

(ii). From the assumptions £ holds and the regularity result in section|4](see Proposition |4.5t , we know 
that £ and (1 < i < N — 1) are local Holder continuous in -Bi(O). And £ is C 2 continuous in -Bi(O) \ 
{x N = 0}. Straightforward calculation shows that Vu(x) = -(N - 2 + 2a)\x\^^ N ^ 2+2a ^ 2 x + V£(x) 
and 

^ = 1 |. v „ = _ (JV _ 2 + 2tl) | ir <»-^)- 1 + 1 £.. vf(l) . 

Then by straightforward calculation and using the result (i) of this proposition, we get 

B(a, x, u, Vu) 



|x|=CT 

B(a, x, \x\-( N - 2+2a \V(\x\^ N ~ 2+2a ))) 
(N-2+ 2a) 2 



\x\=(T 



-Aa-^- 2 ^- 1 ^^ +R a 



{N -2 + 2af 



\x\=<7 



A(7 -(N-2+2 a )-u x a a + Ro 



(6.40) 



where R a equals to 



W-2 + 2 ffi ^_( M _ 2+2 „,_ 1 (i y{(i))) 



By the regularity results of £ and the condition £(0) = 0, we deduce that 



B(a, x, u, Vu) 



< if a small enough. 



(6.41) 



Multiplying equation — <Hv(\xn\ V£) = by 1 and integrating in 5^(0), we have 



= - / div(\x N \ 2a V£) • 1 = - 
Moreover, by £(0) = 0, we can get that 



/ M 2 "-^ = -a- 1 f M 2Q (x-V0. (6.42) 
JdB a (o) Cn JdB a (0) 



By ( 16.42b and ( 16.431 1. we get that 



lim CT -(W-2+2«)-i 



kjv| 2Q ^(x) = 0. 



lim 



R a = 0. 



(6.43) 



(6.44) 



as (7 (o) 



(6.45) 



Let if = in Theorem l6.ll we obtain 

f B(a,x,£,VO=0- 

JdB„{0) 

Thus by (|6.44p and ( 16.45b . we get that 

lim/ 5(a,x,u,Vu) = —A(iV - 2 + 2a) 2 lim CT -(*-2+2o)-l /" 

= -^4(iV-2 + 2a)* / |a; A r| ZQ <0. (6.46) 

The result of this Proposition follows from ( 16.411 ) and ( 16.461 ). □ 
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